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Abstract. In the framework of fibred cusp operators on a manifold X as- 
sociated to a boundary fibration 3> : dX Y, the homotopy groups of the 
space G~^°°{X;E) of invertible smoothing perturbations of the identity are 
computed in terms of the /C-theory of T'Y. It is shown that there is a peri- 
odicity, namely the odd and the even homotopy groups are isomorphic among 
themselves. To obtain this result, one of the important steps is the description 
of the index of a Fredholm smoothing perturbation of the identity in terms of 
an associated ii'-class in K^iT'Y). 



Introduction 

For standard pseudodifFerential operators on a closed manifold X acting on some 
complex vector bundle E, Bott periodicity arises by considering the group 

G-^{X;E) = {Id+Q | Q e '^-^iX;E), Id+Q is invertible} 

of invertible smoothing perturbations of the identity. This becomes a topological 
group by taking the C°°-topology induced by the identification of smoothing oper- 
ators with their Schwartz kernels, which are smooth sections of some bundle over 
X X X. If is any Laplacian acting on sections of E, and if {/ijigN is a ba- 
sis of L'^{X;E) coming from a sequence of orthonormal eigensections of with 
increasing eigenvalues, then there is an isomorphism of topological groups 

Jab: G-^{X-E) ^ 

Id+Q ^ % + (/^,0/j>, 

where Q^°^ is the group of invertible semi-infinite matrices 5ij + Qij such that 
\\Q\\k^Y.^^+]f\Q^^<^, VfceNo, 

the topology of being the one induced by the norms || ■ fc g Nq. 

This isomorphism indicates that the topology of G~'^{X;E) does not depend 
at all on the geometry of X and E. Since the direct limit 

GL(oo,C) = lim GL(A:,C) 

k — ^cjo 

is a weak deformation retract (see definition 17.161 below 1 of Q~°° , they share the 
same homotopy groups, which is to say 

{0} k even, 



^k{G-°°{X-E))=T:k{Q-n 



7L k odd. 



This periodicity in the homotopy groups is an instance of Bott periodicity as orig- 
inally described by Bott in 0]. 

The author was partially supported by Le Fonds Quebecois de la recherche sur la nature et les 
technologies and the Natural Sciences and Engineering Research Council of Canada. 
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In this paper, we will describe how Bott periodicity arises when one considers 
instead fibred cusp operators on a compact manifold with boundary X 

acting on some complex vector bundle E. These operators were introduced by 
Mazzeo and Melrose in ^T]. The definition involves a defining function for the 
boundary dX and a fibration (f> : dX ^ y of the boundary. Again, one considers 
the group 

G^°°{X;E) = {Id+Q | Q e 1'^°°(X;£;), Id+Q is invertible} 

of invertible smoothing perturbations of the identity. As before, it has a C°°- 
topology induced by the identification of smoothing operators with their Schwartz 
kernels. Our main result, stated in theorem 17.191 is to describe the homo- 
topy groups of G^°°{X; E) in terms of the X-theory of T*Y ^ namely, all the even 
homotopy groups are shown to be isomorphic to the kernel of the topological index 
map 

indt : K^^{T*Y) Z, 

while all the odd homotopy groups are shown to be isomorphic to K~^{Y^ ^), 
where F"^ ^ is the Thom space associated to the vector bundle T*Y . This peri- 
odicity of the homotopy groups is what we interpret as Bott periodicity for fibred 
cusp operators. Strictly speaking, this result is only true when the fibres of the fi- 
bration $ : dX — > Y are of dimension at least one, but in the particular case where 
$ : dX y is a finite covering, which includes the case of scattering operators, 
the result is still true provided one allows some stabilization (see the discussion at 
the beginning of section [71). 

This is in a certain sense a generalization of proposition 3.6 in 17 , where it 
was shown that, in the particular case where $ : dX ^ pt is a trivial fibration 
(the case of cusp operators), all the homotopy groups of G'^°°{X\E) are trivial. 
This weak contractibility was used in |17j to derive a relative index theorem for 
families of elliptic cusp pseudodifferential operators. However, this relative index 
theorem does not seem to generalize in a simple way to fibred cusp operators with 
a non-trivial fibration $ : dX — > Y , but we still hope that the knowledge of the 
homotopy groups of G^°°{X\ E) will turn out to be useful in the understanding of 
the index of general Fredholm fibred cusp operators. 

An important feature of fibred cusp operators is that smoothing operators are 
not necessarily compact. As a consequence, smoothing perturbations of the identity 
are not necessarily Fredholm, and when they are, they do not necessarily have a 
vanishing index. Our computation of the homotopy groups of G'^°°(X; E) relies on 
a careful study of the space 

T^°^{X;E) = {Id+Q I Q e *^°°(X;i;) Id+g is Fredholm} 

of Fredholm smoothing perturbations of the identity. The second important 
result of this paper, stated in theorem 16.61 is that the index of a Fredholm 
operator (Id-I-Q) G !F^°°{X] E) can be described in terms of an associated iiT-class 
K(Id-l-Q) e K'^^{T*Y), namely 

ind(Id+Q) = indt(K(Id+Q)), 

where indt is the topological index introduced by Atiyah and Singer in 0. When 
$ : dX — > y is not a finite covering, an important corollary is that the index map 

ind : T^°^{X]E) Z 
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is surjective. However, let us emphasize that the topology of JF^°°(X; E) is in gen- 
eral significantly different from the topology of the space J-{X; E) of all Fredholm 
operators acting on 1?'{X]E). Indeed, T{X]E), which is a classifying space for 
even i^-theory, has trivial odd homotopy groups and even homotopy groups iso- 
morphic to Z, while 1F^°°{X\E), as described in proposition 17.61 below, has even 
homotopy groups isomorphic to K^{T*Y) and odd homotopy groups isomorphic to 
K^^iY'^ ^). Nevertheless, in the particular case of cusp operators {Y = pt), this 
shows that T^°°{X;E) C !F{X]E) is quite big and is also a classifying space for 
even X-theory. 

The paper is organized as follows. We first briefly review the definition and the 
main properties of fibred cusp operators in section^ We then recall in section|2the 
notion of a regularized trace on smoothing fibred cusp operators and its associated 
trace-defect formula. This is used in section |21 to get an analytic formula for the 
index of operators in E). Sectionals about spectral sections, which play 

a crucial role in sectional where a iiT-class is associated to any Fredholm operator 
in T'^°°{X]E). This ii'-class is in turn used in section IHl to get a topological 
index formula. This will allow us, in section [7| to present the main result of this 
paper, that is, the periodicity of the homotopy groups of GJ°°(X;£^). Finally, in 
section IHl we discuss the relation of our result with ji21 and show that, once the 
weak contractibility is known, for instance in the case of cusp operators, it is not 
much harder, adapting a proof of Kuiper in [H], to deduce the actual contractibility, 
this last improvement being more esthetic than useful. 

Acknowledgments 

The content of this paper is included in the Ph.D. thesis of the author. The 
author is very grateful to his Ph.D. advisor Richard B. Melrose, who was very 
generous of his time and ideas. The author would like to thank Andras Vasy for 
useful comments on the manuscript. The author would like also to thank Benoit 
Charbonneau, Kari Ragnarsson and Natasa Sesum for helpful discussions. 

1. Fibred Cusp Operators 

Since fibred cusp operators are the central object of study in this paper, let us 
recall briefly their deflnition and their main properties. A detailed description can 
be found in , where they were originally introduced. One can also look at section 
2 of ^U]. For a more general discussion in terms of Lie algebroids, we refer to 
and [THJ. 

Let A" be a compact connected manifold with non-empty boundary dX. Assume 
that the boundary dX has the structure of a (locally trivial) fibration 

(1.1) Z ^dX 

Y 

where Y and Z are closed manifolds, Y being the base of the fibration and Z being 
a typical fibre. We will not assume that the boundary dX is connected, but if Y is 
disconnected, we will assume that Z is the same over all connected components of 
Y . For the disconnected case, we will basically use the generalization of rather 
than the one presented in JT] (see remark lT^l below). Let x £ C°°(A) be a defining 
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function for the boundary dX^ that is, x is non-negative, dX is the zero set of x 
and dx does not vanish anywhere on dX . 

The defining function x gives rise to an exphcit triviahzation of the conormal 
bundle of dX. A fibration together with an exphcit triviahzation of the 

conormal bundle of dX defines a fibred cusp structure. To a given fibred cusp 
structure, we will associate an algebra of fibred cusp operators denoted '^'^{X). 
Changing the triviahzation of the conormal bundle of dX will not change 
drastically, since we will get an isomorphic algebra, but not in a canonical way. 
When we talk about an algebra of fibred cusp operators, we therefore tacitly assume 
that a defining function has been chosen. On the other hand, changing the fibration 
1)1.1(1 has important consequences on the algebra '^\{X). In particular, there are 
two extreme cases: the case where Z = {pt} and <& = Id, which leads to the algebra 
of scattering operators, and the case where Y = {pt}, which leads to the algebra 
of cusp operators. 

Definition 1.1. A fibred cusp vector field V e C°°{X,TX) is a vector field 
which, at the boundary dX , is tangent to the fibres of the fibration $, and such that 
Vx £ x'^C°^{X), where x is the defining function of the fibred cusp structure. We 
denote by Vi^{X) the Lie algebra of fibred cusp vector fields. 

Let (x, y, z) be coordinates in a neighborhood of p G dX C X, where x is the 
defining function for dX and y and z are respectively local coordinates on Y and 
Z (we assume that the fibration $ is trivial on the neighborhood oip we consider). 
Then any fibred cusp vector field V G V$(X) is locally of the form 

(1-2) ^--^|: + E^^-|t + E^^^' 

1=1 " i=l 

where I = diml", k = dimZ and a, 6^, Ci are smooth functions. 

Definition 1.2. The space of fibred cusp differential operators of order m, 
denoted DiffJ^(X), is the space of operators on C°°{X) generated by C°°{X) and 
products of up to m elements o/V*(X). 

In the local coordinates (x, y, z), a fibred cusp differential operator P G DiS^{X) 
may be written as 

(1.3) p= E 

|a| + l/3|+g<™ 

where the Pa,0.q are smooth functions. 

Intuitively, fibred cusp pseudodifferential operators are a generalization of defi- 
nition by allowing P to be not only a polynomial in but also a 
more general "function" in The rigorous definition is however bet- 
ter understood by describing the Schwartz kernels of fibred cusp pseudodifferential 
operators. 

Consider the cartesian product X^ of the manifold X with itself. This is a 
manifold with corner, the corner being dX x dX C X^ . Schwartz kernels of fibred 
cusp pseudodifferential operators will be distributions on X'^ . But all the subtleties 
of their behavior turn out to happen in the corner of X^ . To have a better picture 
of what is going on, one therefore blows up the corner in the sense of Melrose, ^21 j 
[Oj . In fact, we need to blow up twice. 
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We first blow up the corner to get the space — [X'^; dX x dX]. In this 
space is used to describe the Schwartz kernels of 6-pseudodifferential operators, 
where "6" stands for boundary. For fibred cusp operators, we need to perforin a 
second blow-up which depends on the fibration $ we consider. 

Beside the two old boundaries coining from X^, X^ has a new boundary called 
the front face. If /3b : X^ — > X^ is the blow-down map, then this front face, 
denoted ffb, is given by 

(1.4) Sb = Pb^idX X dX) [dX X dX) x [-1, 1]„ 



where s — and the same boundary defining functions on the left and 

j-2 



right factors of X^. The function s is well-defined on X^. What we blow up next 



is the submanifold -6$ C ff^ = [dX x dX) x [— 1, 1]^ given by 

(1.5) = {{h, h', 0) e ffb I $(/i) = $(/i')}- 

Remark 1.3. When dX is disconnected, we use the same definition for and 
Sb- This is different from 11 , where they consider smaller B^ and Sb in the 
disconnected case. Using the same formal definition as in the connected case makes 
the generalization to the disconnected case straightforward. 

So we consider the space X| = [X^ ; . If /3$ : X^ X^ is the blow-down 
map, then the new boundary appearing on X^ is given by 

(1.6) ff$=/3$i(S$). 

If {y,z) and (y' , z') are local coordinates on the left and right factors of (dX)'^, 
then 

(1.7) b = n—,Y= ,z-z,x,y,z 

X X 

are local coordinates on X|, and in these coordinates, ff$ occurs where x = 0. 
Under the blow-down maps fib and , the diagonal A C dX x dX lifts to A$ C X^ . 
In the coordinates (|1.7(l . it occurs where S~Y = z — z'^0. 

Definition 1.4. The fibred cusp density bundle *f2 is the space of densities on 
X which are locally of the form -^^dxdydz near the boundary dX , where a is a 
smooth function and I — AmiY . Let he the lift of^il to X"^ from the right 

factor. This gives the right fibred cusp density bundle = /3J/3^(*r2ii) on 

Definition 1.5. For any m e R, the space of ^ -pseudodifferential operators of 
order m is given by 

r£{X) = {Ke /'"(X|, A*; "^n'j,) \K = at dXl\ ff*} 

where /™(X|,, A$; *r2'^) denotes the space of conormal distributions (to A$ J of 
order m (we refer to )11| and (Tj for more details ) and = denotes equality in Taylor 



In local coordinates near the boundary, the action (near the diagonal) of fibred 
cusp pseudodifferential operators can be described as follows. 
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Proposition 1.6. Ifx G C°°{X) has support in a coordinate patch {U, {x, y, z)) with 
lA n dX 7^ 0, where x is the defining function of dX and y and z are coordinates 
on Y and Z, then the action of P £ '^^{X) on u £ C^{U) can be written 

{xPu)ix,y, z) ~ J P^{x,y, z, S,Y, z — z')u{x{l — xS),y — xY, z')dSdYdz' 

where S — '^^■i , Y — , u is the coordinate representation of u and P^ is the 
restriction toUx M" of a distribution on M"xE"-'=x]R'= which has compact support 
in the first and third variables, is conormal to {S = 0,Y = 0} x {z ~ z'} and is 
rapidly decreasing with all derivatives as \{S,Y)\ oo. 

If E and F are complex vector bundles on X , one can easily extend this definition 
to $-pseudodifferential operators '^^{X; E, F) of order m which act from C°°{X; E) 
to C°°{X-F). 

Proposition 1.7. ( Composition) For m, n G M and E, F, G complex vector bun- 
dles on X , we have that 

F, G) o E, F) C E, G). 

As in the case of usual pseudodifferential operators, there is a notion of ellipticity. 

Definition 1.8. The fibred cusp tangent bundle *TX is the smooth vector 
bundle on X such that V$(X) = C°°(X;*rX). 

Notice that "^TX is isomorphic to TX, although not in a natural way. Let 
'^S*X ^ {^TX \ 0)/R+ denote the fibred cusp sphere bundle. Let 7^" be the 
trivial complex line bundle on ^ S*X with sections given by functions over *TX \ 
which are positively homogeneous of degree m. 

Proposition 1.9. For all m G Z, there exists a symbol map 

a,n ■■ *:^(X;£;,F) ^C°°(*S'*X;hom(£;,F)(»7^") 

such that we have the following short exact sequence 

■i''^~\X;E,F) ^^l\X;E,F) ^C^CS*X;hom{E,F)(E)n"'). 

Definition 1.10. If P e '^'^{X; E, F), we say that (JmiP) is the symbol of P. 

Moreover, if the symbol am{P) is invertible, we say that P is elliptic. 

As opposed to the case of usual pseudodifferential operators, ellipticity is not 
a sufficient condition to ensure that an operator is Fredholm. Some control near 
the boundary is also needed. Let "^NY = TY x R be the null bundle on Y of the 
restriction "^TqxX TX. 

Proposition 1.11. For any to G M, there is a short exact sequence 

E, F) m^{X- E, F) ^ ^"^^dX; E, F) 

where 7V$ is the normal operator and '^^^{dX; E, F) is the space of "^NY- 
suspended fibre pseudodifferential operators on dX of order m (see definition 2 in 
)■ The normal operator is multiplicative, that is N^{A) o N^{B) = N^{A o B) 
whenever A and B compose. In terms of the Schwartz kernels, the normal operator 
N,j, is just the restriction of the Schwartz kernel to the front face ff $ . 



BOTT PERIODICITY FOR FIBRED CUSP OPERATORS 



7 



Definition 1.12. An operator P £ '^^{X;E,F) is said to be fully elliptic if it 
is elliptic and if N^{P) is invertible. 

Definition 1.13. Let'L^{X; E) be the space of square integrable sections of E with 

respect to some metric on E and some smooth positive density on X . For Z S M 
and m > 0, we define the associated weighted Sobolev spaces by 

(1.8) H™(X; E) = {u& L'^{X; E) \ Pu € x' L'^{X; E) VF e E)}, 
and 

(1.9) x'H5'"(X;£;) = 

|u e C-°°(X;£) I u = Y,^PiUi,Ui G x^l?{X-E), Pi € *g'(X;^)| . 

Proposition 1.14. An operator P G ^'^{X;E,F) is Fredholm as a map 

P ■ x^ H {X- E) a;' H™'-"(X; F) 
for any Z, m € K if and only if it is fully elliptic. 

Proposition 1.15. (elliptic regularity) The null space of a fully elliptic operator 
P & 'i'^{X-,E.F) is contained in C°"(X:E), the algebra of smooth sections of E 
vanishing in Taylor series at the boundary dX. 

It would be unfair to end this section without discussing in more details the 
space of suspended operators 5'|,g((?X; E, F). Since this paper is mostly concerned 
with smoothing operators, we will restrict our attention to 'i>'^^{dX;E,F). By 
taking the Fourier transform in the fibres of "^NY, it is possible to describe 
P e ^'^^'{dX;E,F) as a smooth family of smoothing operators parametrized by 
^N*Y, the dual of ^NY. More precisely, consider the bundle 

(1.10) ^-°°{Z;E,F) ^p-oo 



Y 

whose fibre at y e F is given by *-°°($-i(2/); E\^_,^y^ , F|^_i(^)). 

Remark 1.16. When dimZ = and $ : dX Y is a finite covering, the bundle 
■p~°° is the vector bundle hom{£,T), where £" — > F and T ^Y are the complex 
vector bundles over Y with fibres at y £Y given by 

ze^-^!/) ze'S'-'^iv) 

We can pull back on '^N*Y to get a bundle 7r*p-°° ^ *7V*y, where 

TT : '^N*Y ^ y is the projection associated to the vector bundle *iV*y. 

Proposition 1.17. There is a one-to-one correspondence between ^'J^(9X; E, F) 
and smooth sections of ■k*P~°° — > ^N*Y which are rapidly decreasing with all 
derivatives as one approaches infinity in ^N*Y = T*Y x K. 
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Remark 1.18. For P G '^^^g{dX]E,F), one has a similar correspondence, hut 
one must replace ■n*'P^°° by the appropriate bundle tt*?^™ of pseudodifferential 
operators of order m, while the sections at infinity should grow no faster than a 
homogeneous function of order m. The derivatives of the sections must also satisfy 
some growing conditions at infinity. 

This is the point of view we will adopt for the rest of this paper, that is, we 
will consider the Fourier transform of Nq,{P), which is called the indicial family 
of P, instead of N^{P). One advantage of doing so is that it is relatively easy 
to understand the indicial family in terms of local coordinates as in (|1.7|) . If P G 
'ii^°°{X; E, F) acts locally as in proposition II .61 and if r, 77 are the dual variables 
to X, y, then the indicial family is given by 

(1.11) N^){y, t],t)= [ e'^T^e^^PiQ, y, z, S,Y,z- z')dSdY. 



2. The Trace-Defect Formula 

For usual pseudodifferential operators on a closed manifold, it is a well-known 
fact that an operator will be of trace class provided its order is sufficiently low. For 
fibred cusp pseudodifferential operators, this is no longer true. Even smoothing 
operators are not necessarily of trace class. This is because there is a potential 
singularity at the boundary. 

Let us concentrate on the case of smoothing operators. So we consider the space 
'^^°^{X]E), where E is some complex vector bundle on X. To avoid possible 
ambiguities, we assume that in a collar neighborhood dX x [0, l)^; C X of dX 
parametrized by the defining function x, the vector bundle E is of the form E — 
TT*Egx, where Egx is a vector bundle on dX and tt : dX x [0, l):r dX is the 
projection on the first factor. In other words, we choose an explicit trivialization 
of E near the boundary which agrees with the choice of the defining function x. 
This way, we can make sense of Taylor series at the boundary in powers of x (see 
(1231) below). 

If A G 5'J°°(X;£') is of trace class, then its trace is given by integrating its 
Schwartz kernel along the diagonal 
(2.1) 

Tr(A)=/ tTEKA= f trE{K'A)x-''^v, K'^ e iXl,Uom{E, E)), 

J Ait, J Ail, 

where I = dimY, {x')^^^'^v is a smooth section of the right fibred cusp density 
bundle and Hom(£', E) is the pull back under the blow-down map (3<s> o Pb of 

the homomorphism bundle on X^ with fibre at {p,p') G X^ given by h.om{Ep', Ep). 
When restricted to the diagonal A C X^, IIom(i?, E) is the same as hom(£', E). 

The integral H2.1|l does not converge for a general A G '^/'^^{X; E) since is a 
smooth positive density when restricted to the diagonal A$. To extend the trace 
to all smoothing operators, one has to subtract the source of divergence. To this 
end, consider the function 



(2.2) z^Tiix'^A), 
which is a priori only defined for Re {2;} > ^ + 1. 
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Lemma 2.1. The function Tt(x^A) is holomorphic for Rejz} > ^ + 1 and it admits 
a meromorphic extension to the whole complex plane with at most simple poles at 
l + l-No. 

Proof. The holomorphy is clear. Recall from proposition II. Ill that in terms of the 
Schwartz kernels, the normal operator is the restriction to the front face ff$. Let 
us consider instead the full normal operator Njp which gives us the full Taylor 
series of the Schwartz kernel at the front face ff$, using x as a defining function, 

oo 

(2.3) 7V4(^)^^:^feA,, Ake^^^{dX;E). 

k=0 

This Taylor series does not necessarily converge, so N^{A) is really a formal power 
series in x which contains all the information about the derivatives of A at the 
front face ff$. The Taylor series Nlj,{A) contains all the terms causing a diver- 
gence in the definition of Ti{x^A). A simple computation shows that the function 
Tr{x^x^Akx{x)), which is a priori only defined for Re{z} > ^ + 1 — fc, has a meromor- 
phic extension to the whole complex plane with a single simple pole at z = l + l — k. 
Here, x G C^([0, +oo)) is some cut-off function with x = 1 in a neighborhood of 
X = 0. Thus, we see that Tt{x^A) admits a meromorhic extension with at most 
simple poles at Z + 1 — Nq. □ 

In particular, there is in general a pole at z = coming from the term Ai^i in 
(lOl . 

Definition 2.2. For A e *J°°(X;i;), the residue trace Ttb,{A) of A is the 
residue at z — of the meromorphic function z t-^ Tt{x^A). 

Using the local representation of proposition 11.61 the residue trace can be ex- 
pressed as 

(2.4) TrR,(A) = J tTEiAi+iiy, z, S = 0,Y = 0, z - z' = 0))dydz. 

Taking the Fourier transform in the fibres of TV^F = TY x M as in Hl.ll|l . the 
residue trace can be rewritten as (cf. equations 4.1 and 4.2 in (14j) 



(2^) 



(2.5) TrR.(A) = / TT^-^y){Ai+i{y,T,Tj))dydr]dT 



N'Y 



where Tr$-i(j,) is the trace on 5'^°°($^^(j/); iJ|^_i^j^j). Notice that this integral 
does not depend on the choice of coordinates on Y , since dydrj is the volume form 
coming from the canonical symplectic form on T*Y . Of course, dr depends on the 
choice of the defining function x, but we assume it has been fixed. 

One can then extend the trace to all smoothing operators in {X; E) by 
subtracting the pole at z ~ 0. 

Definition 2.3. The regularized trace Tr{A) of A e ^'J°°(X;i?) is given by 
TV(A) = lirn^ (tt{x'A) - 1^^^ 



Remark 2.4. For A e x'^+^^^°° {X; E), A is of trace class and Tr{A) = Tr(A). 
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The regularized trace is defined for all A S 'i/^°°{X; E) and it is an extension of 
the usual trace, but it is not properly speaking a trace, since it does not vanish on 
commutators. The trace-defect formula measures how far the regularized trace is 
from being a trace. 

Proposition 2.5. (Trace- defect formula) For A,B <E 5'^°°(X;£'), the trace- 
defect is given by 

TY([v4,B]) = TrR((Aog.^)S) 
where Aogx^ = ■i;^^\z=o ""^ = A]. 
Proof. For Re{z} ^ 0, we have 

Tt{x^[A,B]) = Trix'-AB - x^BA) = Tr{x^ AB) - Tr((a;^B)A) 
^^■^^ = Tt{x'AB) - Tr{Ax'B) - Tii[x'B, A]). 

But Tr([a;^B, A]) = for Re{z} > 0, so 

Tt{x^[A,B]) = Tr(a;MB) - Tr(Ax^S) 
"-^■"^^ = Tr([x',A]B) ^ Tr{x' A,B). 

Here, Az — x~^[x'^ , A] is entire in z and vanishes at z = 0, so 

(2.8) Trix^A.B]) ^ zTT{x'{Dioiro,A)B) + 0{z), where Aog.A = — ^ 

Thus, we see that Tr(a;^[yl, B]) has no pole at z = and its value at z = is given 
by _ 

Tr([A,B]) -TrR,((Aog=.^)S). 

□ 

In the case of cusp operators (V = {pt}), it is possible to use H2.5|l to get an 
explicit formula depending only on the indicial families of A and B (cf. In 
the more general case, higher order terms of the Taylor series ()2.3|) are involved. 
Combined with the geometry of Y , this makes an explicit computation harder or 
maybe even impossible to get. 



3. The Index in terms of the Trace-Defect Formula 

Let !F^°°{X; E) denote the space of Fredholm operators of the form Id-f A with 
A G E). From proposition II. 141 the space T^°°{X] E) is given by 

(3.1) T^°°{X-E)^{IA+A I A G N^{IA+A) is invertible}. 

The goal of the next few sections will be to obtain a topological description of 
the index of operators in J^'^°°{X\ E), that is, a description in terms of ii'-theory. 
As a first step, let us use the trace-defect formula to get some insight about the 
index. 

Notation 3.1. From now on we will follow the notation of H2.3(l for the indicial 
family. So Aq — (A) will denote the indicial family. In proposition \1.17\ it is 
Aq which can be seen as a section of the bundle 77*7^^°^ . 
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Given (Id+^) £ T^°°{X;E), let (Id+B) G T^'^iX^E) be a parametrix, that 

is 

(3.2) (Id+A)(Id+S) = Id+Qi, (Id+B)(Id+A) = Id+Q2, 
with Qi, Q2 e a;°°*<j;°°(X; ^;), where 

(3.3) x°°^-^^{X- E)^{Qe ^1,^{X; E) I 7V4(Q) - ^ x^'Q^ = 0}. 

In particular, Qi and (52 are compact operators of trace class, so [Id +^4, Id = 
Qi — Q2 is also of trace class. Using Calderon's formula for the index, we have that 

ind(Id+A) = Tr([Id+.4,Id+B]) 

= lY([Id+yl,Id+S]), bv remark ITl 

^^■^^ =^([AB]) 

— TTB.{{D\ogxA)B), by proposition 

Using (|2.5|) . we get the following formula for the index. 

Proposition 3.2. The index o/(Id+A) £ T^°°{X;E) is given by 

ind(Id+A) = \ I TY^-Hy){{DiogxAB)i {y,T,ri))dydr)dT 

[ZTT) ^ Ji-N'Y 

where (Id+i?) G J-^°°{X; E) is a parametrix for A. 

In the case of cusp operators, one can rewrite this formula in terms of the indicial 
family of A only (see ^7]). In fact, one can show without using the trace-defect 
formula that the index only depends on the indicial family. 

Proposition 3.3. The index o/(Id+A) G J-'^'^ {X: E) only depends on the homo- 
topy class of the indicial family Id +Ao seen as an invertible section of the bundle 
■K*'P~°° of proposition [T. 1 7| which converges rapidly to Id with all derivatives as 
one approaches infinity. 

Proof. Suppose that t ^ Id+^o(i), t G [0,1] is a (smooth) homotopy of invert- 
ible indicial famihes with Ao(t) G 5'^^(9X;£') for all t G [0,1]. Suppose also 
that Id-l-Ao(O) and Id-l-^o(l) are the indicial families of (Id -1-^(0)), (Id-I-A(l)) G 
T^°°{X\ E). Thinking in terms of Schwartz kernels and using Seeley extension for 
manifolds with corners (see the proof of propostion 1.4.1 in dl), we can construct a 
homotopy t ^ A{t),t G [0, 1], joining A{0) and A{1), such that A{t) G ■9^°°{X;E) 
and 

N^{A{t)) = Ao{t) Vt G [0,1]. 

Since t 1-^ ld+Ao{t) is a homotopy of invertible indicial families, we know by 
proposition ll . 141 that 1 1-^ {ld+A(t)) is a homotopy of Fredholm operators. By the 
homotopy invariance of the index, we conclude that 

ind (Id -1-^(0)) = ind(Id+A(l)), 

which shows that the index of an operator (Id+A) G J-^°°(X: E) only depends on 
the homotopy class of its indicial family. □ 
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One therefore expects that it is possible, at least in theory, to rewrite the formula 
of proposition 13.21 so that it only involves the indicial family. A first step in this 
direction is to notice that, by proposition 13.31 we can assume that the operator 
Id+A G J^^°°{X; E) is such that 

Nl{A) = lo, with Afc = Vfc e N. 

However, once this assumption is made on it is not possible to assume the same 
for the parametrix B. To be more precise, the equation ^A.2\ completely determined 

N'^{B) in terms of N'^{A). This will become clear through the concept of ^-product. 

Definition 3.4. Let "^'^'^{dX]E)[[x\] denote the space of formal power series in 
X with coefficients taking values in "^^^(dX; E). 

Lemma 3.5. The full normal operator % : ^^°°{X;E) ^^"^{dX; E)[[x]] is 
surjective. 

Proof. This is an easy consequence of Seeley extension for manifolds with corners. 

□ 

Definition 3.6. For a, be 'i/^^{dX;E)[[x]], the ^-product a*b G {dX; E)[[x]] 
is defined to be 

a * 6 = NI^JA^B) 

where A,B £ E) are chosen such that N^{A) = a, Nj^{B) = b. It does not 

depend on the choice of A and B, since x°°'^~^^{X]E) is an ideal of '^'^°°{X; E). 

Proposition 3.7. There exist differential operators Pk.j,i cind Qkj.i acting on sec- 
tions of the bundle V~°° defined in (I1.10() so that, for any a, 6 G '^^'^{dX; E)[[x]], 
the ^-product of a and b is given by 

(oc \ / oc \ oo 

j=o J \j=o / fc=l j+l<k 

Moreover, if $ : dX —* Y is a trivial fibration, then, once an explicit trivialization 
has been chosen, the differential operators Pk,j,i o,nd Qk,j,i o,Te independent of the 
geometry of the typical fibre Z . 

For the proof of proposition we refer to proposition 3.11 in [S]. In terms of 
the ^-product, equation H3.2() translates into 

(3.5) N^)+f^)^-N^)*N^) = -N^)*N^). 

Looking at this equation order by order in x completely determines N'^ (B) in terms 

of N^{A). In general, for fc G N, on can expect that Bk 7^ 0, so N^{B) will involve 
a term of order x''. This is also the case for D\ogxA. 

Lemma 3.8. If N^{A) = Aq, then 

k=l 
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Proof. The Schwartz kernel of = a; ^[a;^, ^] is A(l — ), so the the Schwartz 
kernel of -Dioga;^ is given by 

d 



dz 



A{1 



= -^log 



z=0 



But ^ = 1 - 5a;, where S ■ 



so 



DiosxA^-A\og{l~Sx)^Aj2- ^ ■ 

k=l 

From ifTTTIl . N^{S''A) = D'^Aq, where Dr = so we conclude that 



k=l 



□ 



Thus, knowing the differential operators Pk,j,i and Qk,j,u we see that it is possible 
to rewrite the formula of proposition 13.21 into an expression involving only the 
indicial family of A. The problem of course is to actually find out what are those 
differential operators. This is relatively easy in the cusp case, but the case of an 
arbirary manifold Y seems hopeless. We will not try to develop further the formula 
of proposition 13.21 As it is written now and from proposition 13.71 one can extract 
some important information about the index. For instance, notice that the formula 
does not involve the geometry of the interior of X, so \i X' is another manifold with 
the same boundary as X and if (Id +A') € !F^°°{X'; E) has the same indicial family 
as the one for Id +A, then Id -\-A and Id -\-A' have the same index. In section El 
the formula of proposition 13. 21 will play a crucial role in reducing the computation 
of the index to the case of a scattering operator. For the moment however, we 
will try to have a better understanding of the topological information contained in 
the indicial family. When the fibration $ is trivial, it is almost straightforward to 
define a i^-class out of the homotopy class of the indicial family. But to include 
the more general case of a non-trivial fibration, we first need to discuss the concept 
of spectral section. 



4. Spectral Sections 

Spectral sections were originally introduced in |16| to describe the boundary 
conditions for families of Dirac operators on manifolds with boundary. We intend 
to use spectral sections for a very different purpose, and instead of dealing with 
families of Dirac operators, we will consider families of Laplacians. 

Let (f) : M ^ B he a. smooth (locally trivial) fibration of compact manifolds, 
where the fibres are closed manifolds and the base _B is a compact manifold with 
possibly a non-empty boundary dB. Let T{M/B) C TM denote the null space of 
the differential 

: TM TB 

of 0. Clearly, T{M/B) is a subbundle of TM which on each fibre Mt = 0"^(&) 
restricts to be canonically isomorphic to TMf,. Let Qm/b be a family of metrics on 
M, that is, gM/B is a metric on T{M/B) which gives rise to a Riemannian metric 
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on each fibre. Let i? be a complex vector bundle with an Euclidean metric and 
a connection V^. 

This allows us to define a smooth family of Laplacians Ajv//^, which on a fibre 
M\j — <j)~^(b) acts as 

(4.1) AfcS = -Tr(V^**^'^^V^s), s e {Mb; Et), ^fc - ^Im, , 

where A4®_e j^cJuced from V'^ and the Levi-Civita connection of gt = 
9m/b\j^.[ , and Tr(S') G C°°{Mh; Eb) is the contraction of an element 

S e C°°(A4; T*Mi, ® T*Mfc ® E:^) 

with the metric gb G C°°(Affc, TMb (g) TM^). 

Let L^(M/B; E) ^ B he the Hilbert bundle over B with fibre at b e B given by 
L^(Aff,; £^;,). The scalar product on L^(A/f,; £";,) is defined in the usual way by 

(4.2) (si,S2) =y"g^(si,S2) d5b, suS2 e C^{Mb;Eb), 

where dgb is the volume form associated to the metric gb- 

As is well-known, the Laplacian A^ is self-adjoint and has a non-negative discrete 
spectrum. Moreover, eigensections with different eigenvalues are orthogonal in 
L\Mb;Eb). 

Definition 4.1. A spectral section {Hm^q, Ri, R2) for the family of Laplacians 
^M/B is a smooth family Hm/b '■ Ij^{M / B;E) L^{M/B;E) of projections 

Ub : L^{Mb; Eb) -> l?{Mb; Eb), b e B, 

with range a trivial vector bundle over B, together with real numbers Ri and R2, 
i?i < i?2j such that for all b ^ B 

A _\ ^ / HhS = s if A<i?i, 

AbS^Xs =^ ^ n,s = if \>R2. 



Remark 4.2. The triviality of the range of the spectral section is not in the original 
definition. We added this property because we will only consider spectral sections 
having as range a trivial vector bundle over B. Notice also that from the discreteness 
of the spetrum, this vector bundle must be of finite rank. 

Obviously, one gets a spectral section by taking Hm/b — and Ri < R2 < 0, 
but this example is rather trivial. We would like to know about the existence of 
non-trivial spectral sections. The following result, which was communicated to the 
author in a private discussion, is due to R.B. Melrose. 

Proposition 4.3. Let ^m/b be a family of Laplacians as in (|4.1|) . Then given 
R > 0, there exists R' > R and a smooth family of projections TIm/b such that 
(n^.f/g, R, R') is a spectral section for A^.f/g. 

Proof. By compactness, the discreteness of the spectrum and its continuity as a 
set- valued function, we can find a covering of B by a finite number of open sets 
fii, and Ri € (i?, 00) such that Ri is not in the spectrum of Ah for all b € fi^. 
The span of the eigensections with eigenvalues less than Ri is then a smooth vector 
bundle Ei over Qi. Moreover, there are smooth bundle inclusions on all non-trivial 
intersections fiy = fli D f2j, lij : Ei — > Ej, provided Ri < Rj. These inclusions 
satisfy obvious compatibility conditions on triple intersections. 
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By Kuipcr's theorem (see the Hilbert bundle L^{M/B;E) is trivial in the 
uniform topology. It follows that there are trivial finite dimensional subbundles of 
arbitrary large rank. In other words, there is a sequence of families of finite rank 
projections tt^''^ with ranges trivial vector bundles over B such that tt^'^^ —>■ Id in 
the strong topology (on operators). Setting TTf, — vr^''^ for sufficiently large fc, it 
follows that the restriction of TTf, to the Ei are injective 

TTb : Ei^b ^ Fb, 

where the trivial vector bundle F is the range of tt. By taking a larger k if needed, 
we can also assume that for all Ei, the norm of (Id— 7r{,)|^. is less than i. These 
embeddings of the bundles Ei as subbundles of F\^, are consistent with the inclu- 
sions lij. We may also consider the generalized inverse of irt on Ei, rm : F Ei 
over rii, defined as the composite of the orthogonal projection on 7r(i?i) and the 
inverse of tt as a map from Ei to 7r{Ei). 

Let ^i be a partition of unity subordinate to the Cli, and consider the family of 
linear maps 

(4.3) fb:Fb-^L\Mb;Eb), ^ = (Id -^b) ^ (&)^7^j (&)• 

i 

This is a well-defined smooth family. Consider the open sets 

Ui = VLi\ (J supp(^j). 

These cover B. Over Ui, the sum in 1)4. 3|l is limited to those j with Vlij ^ and 
mjiixbe) = e for e e Ei_b- Therefore, /(,(7rbe) — (Id— 7rb)e for h '^lAi and e £ Eif,. 
Since ||/fc|| < \, it follows that 

{\A+h):Fb^\}{Mb;Eb) 

embeds F as a subbundle of L^(Af/S; E) which, over Ui, contains Ei as a subbundle. 
Finally, choose V e C°°(R) with < '\l)(t) < 1 and such that 

1 if t<0 
if t>l. 



For T £ R, consider the family of linear maps Qt — i^{^M/B ^ T). For large T, 
Qt o (Id +f) : F ^ G embeds F as a spectrally finite subbundle G containing the 
Ei over Ui. Then, if Um/b is the orthogonal projection on G and i?' = T -|- 1, we 
see that (IIm/b, -R, -R') is the desired spectral section. Since F is a trivial vector 
bundle, it is clear that G is a trivial vector bundle as well. □ 

5. Construction of the if-CuAss 

We are now ready to construct a if-class out of the indicial family of a Fredholm 
operator in T^°°{X; E). We need to distinguish two cases, the case where dimZ > 
and the case where dim Z = Q. 

5.1. The case where dimZ > 0. Let 

(5.1) G-°°(Z;F) ^G-°° 



Y 
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be the smooth bundle with fibre a.t y E Y given by G °^{Zy; Ey), where 

(5.2) G'°°{Zy;Ey) = {Id+Q \ Q G ^^j;), Id +Q is invertible} 

is the group of invertible smoothing perturbations of the identity discussed in the 
introduction and Zy = <i>^^(y), Ey = The bundle G^°° is a subbundle of 

the bundle 7^^°° in (|1.10|l . Let n : V ^ Y he a, real vector bundle over R. In many 
of the situations interesting us, the vector bundle V will be '^N*Y. Let tt*G~°° 
denote the pull-back of G~°° on V. 

Definition 5.1. A smooth section of ■n*G^°° , or more generally of any bundle 
which has a section Id, is said to be asymptotic to the identity if it con- 
verges rapidly with all derivatives to Id as one approaches infinity in V . Let 
^id(V]'K*G~°^) denote the space of smooth sections o/7r*G~°° asymptotic to the 
identity. 

The following corollary is an immediate consequence of proposition 11.141 and 
proposition 11.171 

Corollary 5.2. For V = N*Y , the indicial family Id +Ao of a Fredholm operator 
in !F^°° {X; E) corresponds to a section of the bundle tt*G~°° *iV*y which is 
asymptotic to the identity. 

Our primary goal in this section is to construct a /-C-class out of the homotopy 
class of the indicial family of a Fredholm operator (Id+A) G J-^°° {X; E). But 
considering an arbitrary real vector bundle V over Y will allow us to get a more 
general result which will turn out to be useful in section [7| So we will consider the 
more general situation of a smooth section Id +5* of tt*G^°° — ^ V asymptotic to 
the identity, bearing in mind that in the case where V = '^N*Y, the section Id+S* 
can be seen as the indicial family of a Fredholm operator in T^°°{X; E). 

We want to describe the homotopy classes of such sections. To this end, choose 
a family of metrics gdx/Y for the fibration $ : dX — > Y and a Euclidean metric 
as well as a connection for the bundle E. Then, as discussed in section 0] 
there is an associated family of Laplacians A^x/y- Given y E Y ^ recall from the 
introduction that if {/i}igN is an orthonormal basis of eigensections of Aj^ with 
increasing eigenvalues, then 

^ ' id+g ^ % + , Q/,)l^ 

is an isomorphism between G~°°{Zy; Ey) and the group Q^°° of invertible semi- 
infinite matrices dij + Aij such that 

(5.4) s\\^{i+]f\A^j \ < oo, Vfc G No, 

where 6ij corresponds to the semi- infinite identity matrix. If Py(T) denotes the 
projection onto the span of the eigensections of Aj, with eigenvalues less than T, 
this means that 

(5.5) Py{T)iQy)Py{T) Q 

1 — >+oo 

in the C°°-topology, so we can approximate Q by spectrally finite smoothing oper- 
ators. 
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Lemma 5.3. Let (Id +5*) be a smooth section of7T*G^°° V asymptotic to the 
identity, where V ^ Y is a real vector bundle over Y . Then there exists a spectral 
section (11, i?i,i?2) for Aqx/y such that 

"^^-"^^^"^"< 2||(id+5.)-Mr ^'''''^ 

where \\ ■ \\ is the operator norm and lib denotes n^(b). 

Proof. Using (|5.5(l and the fact Id +5 is asymptotic to the identity, we see by the 
compactness of Y, the discreteness of the spectrum and its continuity as a set- 
valued function, that there exist a covering of K by a finite number of open sets 
fii, and numbers Ti G M+ such that 

(5.6) \\Sb-Pbm)SbPbm\ < ' V6e^*l]„ 

where Pb{Ti) denotes PT^(b){Ti). Set i?i = maxlTi}. Then, by proDOsition l4.3l there 

exists a smooth family of projections 11 and R2 > Ri such that (11, i?i,i?2) is a 
spectral section for IS.qx/y- By construction, we have that for 6 G 7r*rii, 

nbPfc(T,)nfc = Pb(TO, 

so the estimate H5.6|l also holds for Ilh for all b eV . Thus (11, R2) is the desired 
spectral section. □ 

Corollary 5.4. Let (11, i?i,i?2) be the spectral section of lemma \5.!A Then, Id +5* 
and Id +nS'n are homotopic as sections of it*G~°° asymptotic to the identity. 

Proof. Consider the smooth homotopy 

(5.7) t Id+S' + i(nS'n - 5), ie[0,l]. 
For all 6 G y and t e [0, 1], notice that 

(id+5fc)-i(id+5fc + <(nb5fcnb - Sb)) = id+t{id+Sb)-\nbSbiib - Sb) 

is invertible, since ||t(Id+5'f,)^^(nf,5fcnfc — Sb)\\ < \. This means that 

ld+Sb + t{IlbSbIlb- Sb) 

is invertible as well, and so the homotopy H5.7|l between (Id +S) and (Id +nS'n) is 
through sections of 71*6*^°° asymptotic to the identity. □ 

Let F denote the range of 11. Recall by our definition of a spectral section that 
P is a trivial vector bundle of finite rank over V. Let GL(F, C) — * '^N*Y be the 
smooth bundle over V with fibre aX b € V given by GL(_FV(ft), C), the group of 
complex linear isomorphism of F^(^b)- Then coroUarv 15.41 effectivelv reduces the 
section Id +S to a section 

(5.8) Id+S'n = n(Id+S')n:y-^GL(P,C). 

If we also choose an explicit trivialization of F and if n is the rank of P, then the 
section Id +5' can be seen as smooth map 

(5.9) Id+S-n : V" ^ GL(n,C) 

asymptotic to the identity. Finally, since GL(n, C) is a topological subspace of the 
direct limit 

(5.10) GL(cx),C) = lim GL(fc,C), 

k—*oo 



18 



FREDERIC ROCHON 



we can think of H5.9|l as a map 

(5.11) Id +Sn ■■ V ^ GL(oo, C) 

which converges to the identity at infinity. We are mostly interested in the homo- 
topy class of this map. 

Definition 5.5. Let [V ; GL(oo,C)] denote the homotopy classes of continuous 
maps from V to GL(cx), C) which converges to the identity as one approaches infinity 
in V . If a is such a continuous map, then let [a] denote its homotopy class in 
[V ; GL(oo,C)]. 

Remark 5.6. The passage from the category of smooth maps to the category of 
continuous maps does not change the set of homotopy classes, see for instance 
proposition 17.8 in 0. 

Definition 5.7. //(Id +5") and (H, Ri, R2) are as in corollary \5.4[ then let [Id +S] 00 
denote the homotopy class of H5.11|l in [V ; GL(cxd,C)]. 

The homotopy class [Id +5] 00 depends a priori on three choices: 

(1) The choice of an explicit trivialization of F, 

(2) The choice of a spectral section as in corollary 15.41 

(3) The choice of a family of Laplacians Aqx/y- 

In the next three lemmas, we will show that in fact it is independent of these 
three choices. 

Lemma 5.8. For Aqx/y CL^d (11, i?i,i?2) fixed, the homotopy class [Id+S']oc does 
not depend on the way F is trivialized. 

Proof. Suppose (Id+5n) : V GL(oo,C) and (Id+S-^j) : V ~* GL(cx),C) arise 
from two different trivializations of F. Then, 

Id+S'n = M{ld+Su)M-^^ 

for some smooth map M : V ^ GL(oo, C) which is a pull-back of a map from Y to 
GL(c>o.C). But at the homotopy level, the product [a] o [b] = [ab] is commutative 
(see for instance lemma 2.4.6 in 2])j so 

[Id+5{i] ^ [M{ld+Su)M-^] = [M] o [Id+Su] o [A/-1] 

= [Id+S-n] o [M] o [M-i] = [Id+5n] o [Id] 

= [ld+Su]. 

□ 

Lemma 5.9. Assume the family of Laplacians Aqx/y is fixed and let (Id +5*) 
he as in lemma If (ni,i?i,ri) and (n2,i?2,T'2) are two spectral sections 

as in lemma 15.51 then Id +5*111 '^'^'^ I*^ +5*112 define the same homotopy class in 
[V ; GL(oo,C)]. 

Proof. For fc g N, set i?^ = max{Ti,r2} + k. Then proposition 14.31 asserts the 
existence of a sequence of spectral sections {(IIJ^, i?^, T(.)}fcgN for the family of 
Laplacians Aqx/y on Y. By construction, 

n'^n^n;, ^ n, for i e {i, 2}, keN, 
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SO the estimate of lemma applies as well to all the projections 11'^,: 

||5b-nl.,,«,,|| < ^^^^^^^^-p^, Vbev, VfceN. 

Moreover, since R'/, — > cxo, we know from 15. 5|) . the fact that Id +5" is asymptotic 

k — *oo 

to the identity and the compactness of 1^ x [0, 1] that in the C°°-topology, 

n;,^ kiid +Sb + tiu.^bSbii.^b - Sb))K b + id-n'fe b w+^b + t{u,^bSbii,^b - Sb) 

' k — ^oo 

uniformly in (6, t) € V x [0,1], i ^ {1, 2}. By the proof of corollary 15.41 the limits 
of these two sequences are homotopies of sections of 7r*G'~°° asymptotic to the 
identity. Thus, taking fc G N large enough, we can assume that 

t^nl,(ld+Sb + t{u,^bSbI^^,b~Sb))Ill, + ld-nl,, [o,i], 

are homotopies of sections of 7r*G~°° asymptotic to the identity for i G {1,2}. 
Then, if Fi and denote the range of Ilj and IIJ. , we see that 

(5.12) ^^^^;,(Id+s' + ^(^,s'^, -S'))n'fe, tG[o,i], 

is a homotopy of sections of GL(F^, C) between n;,(Id +S)U'^ and n;,(Id +Il,Sni)n'^. 
for i G {1,2}. It is possible that the complements of the Fi in are not trivial 
bundles, but by considering a spectral section {Hj , Rj,T^') with R'j > T^. and j 
large enough, we can add a trivial bundle to f^. so that the complements of the 
Fi become trivial^ and so that {Ilk, Rk,Tj) is still a spectral section. So without 
loss of generality, we can assume that the complements of the Fi in Fj. are trivial. 
Then, we see from lemma that 

[Id+Sn,] = [Id+(ni5ni)nJ 

= [Id+S'n;^] using with i = 1, 

= [Id + (Ha ) n J using (jO^ with i = 2 , 

□ 

Lemma 5.10. The homotopy class [Id+S']oo of definition \5 . 7| does not depend on 
the choice of the family of Laplacians Agx/Y- 

Proof. Let Aq and Ai be two differents families of Laplacians for the fibration 
<I> : dX — > Y and the complex vector bundle E, arising respectively from the 
metrics gQ^^'^^^\ and g'i^^^^^\ gi , and connections and Vf . We need to 
show that they lead to the same homotopy class in [V ; GL(c)o, C)]. 
By considering the homotopies of metrics 

, T{dX/Y) TidX/Y) , , T{dX/Y) , ^ m n 

and 

t^gf = il-t)g^ + tgf, iG[0,l], 
and the homotopy of connections 

(l-t)Vf +<Vf, iG[0,l], 
one gets an associated homotopy of families of Laplacians 

t^At, tG[0,l], 



^For instance, we can add a trivial bundle isomorphic to -Fi © -F2. 
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where At is defined using the metrics gj'"'^^^^^ and gf and the connection Vf . We 
can think of A( as a family of Laplacians parametrized by x [0, 1]. A moment of 
reflection reveals that the proofs of lemma 1531 and corollary 15 . 41 apply equally well 
if Y is replaced by F x [0, l]t and Id +5* is replaced by the section ld+p*S, where 
p : V X [0,l]t ^ V is the projection on the left factor. This leads to a spectral 
section (H, Ri, R2) satisfying the estimate of lemma 151^ and such that 

t^lA+p*S + t{Tl{j)*S)n~p*S), te[0,l] 

is a homotopy of sections of p*tt*G~°° between (Id +p*S) and (Id +n(p*5)n). If lit 
denotes the restriction of 11 to the slice Y x {t}, then (Ho, i?2) and (Hi, i?2) 
are spectral sections for Aq and Ai which satisfy the conclusions of lemma l5.3l and 
corollary 15. 41 Moreover, using lemma we see from the homotopy 

t Id+Ht^nt, te[0,l], 

that [Id+S'no]oo = [Id+^njoo- From lemma 1^7^ we conclude that the homotopy 
class of definition 15.71 is the same for Aq and Ai. □ 

From lemmas 15.81 15.91 and I5.1UI we get the following 

Proposition 5.11. The homotopy class [Id+5]oo 0/ definition \5 . 7| is well-defined, 
that is, it is independent of the three choices involved in its construction. 

Definition 5.12. Let \V ; 7r*G'^°°] denote the set of homotopy classes of smooth 
sections of Tr*G~°° asymptotic to the identity. Ifld+S is a section of n*G^°° 
asymptotic to the identity, let [Id +5"] denotes its homotopy class in [V ; tt*G^°°]. 

Lemma 5.13. Ifld+S is a section of 'k*G^°° asymptotic to the identity, then 
[Id+S'Joo in \V ; GL(cx),C)] only depends on the homotopy class of Id +S in 
[V ; 7r*G-°°]. 

Proof. Assume that t 1— > Id+S't, t € [0, 1], is a homotopy of sections of 'k*G~°° 
asymptotic to the identity. We need to show that [Id+S'ojoo = [Id+S'i]oo- Since 
[0,1] is compact, a moment of thought reyeals that the proofs of lemma 15.31 and 
corollary 15.41 work equally well if one replaces V by the bundle [0, 1] x V Y . 
What one gets is that there exists a spectral section (11, i?i,i?2) for /^qx/y on Y 
so that 

\\St{h) ~ n,5t(6)n,|| < 2||(id+5,(b))-i|| ' e e [o, i], 

which implies that Id +St and Id +nS'tn are homotopic as smooth homotopies of 
smooth sections of 'n*G~°° asymptotic to the identity. In particular, after triyial- 
izing the range of 11, Id+IIS'oII and Id+nS'iII define the same homotopy class in 
\V ; GL(oo,C)], and we conclude that 

[Id+5o]oo = [Id+5i]oo. 

Thus, we see that definition 15 . 71 giyes us a canonical map 
/oo: [V-^*G-^] ^ [y ; GL((X3,C)] 

^ ' [id+s] ^ [id+su. 

Proposition 5.14. The canonical map I^o is an isomorphism of sets. 



□ 
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Proof. The proof of the surjectivity of loc reduces to the existence of a spectral 
section with range a vector bundle of arbitrary large rank. But the existence of 
such a spectral section is an easy consequence of proposition 14. 31 together with the 
compactness of Y and the continuity of the spectrum as a set-valued function. 

For the proof of the injectivity of loo, suppose [Id+S'o]cc = [Id+5'i]co- Let Uq 
and Hi be spectral sections as in lemma l57^ that can be used to define [Id+S'o]oo 
and [Id +5*1] oo respectively. Let 11 be another spectral section such that IHIill — Hi 
for i e {0, 1} (cf. proof of lemma 153?)) . Then 11 can also be used to define [Id +S'o]oo 
and [Id -|-S'i]oo- Taking 11 to have a larger rank if necessary, we can assume that 
there is a homotopy 

t id+ns-tn, te[o,i], 

through sections of tt*G^°° asymptotic to the identity. From corollarv l5.4l we then 
deduce that [Id+S'o] = [Id +51] in [V ; 7r*G'~°°]. This shows that the map loc is 
injective. □ 

Before discussing the associated ii'-class, let us concentrate on the second case. 

5.2. The case where dim Z = 0. The case where dim Z — turns out to be signif- 
icantly easier. This is somehow the reverse procedure of the case where dim Z > 0, 
that is, instead of reducing an infinite bundle to a trivial vector bundle, we will en- 
large a finite vector bunlde to make it trivial. The case dim Z = evidently includes 
scattering operators, but it means more generally that the fibration $ : dX Y 
is a finite covering. 

Definition 5.15. Let £ ^ Y be the complex vector bundle on Y with fibre at y E Y 
given by 



Definition 5.16. Let GL(£,C) be the bundle over Y with fibre aty eY given by 
Gh[£yX)- iei TT* GL(5, C) ^ *iV*r be the pull-back of Gh{8 X) on'^N*Y. 

An immediate consequence of remark fl . 1 61 and proposition 1 1 . 1 4l is the following 

Corollary 5.17. The indicial family (Id+Ao) of a Fredholm operator (Id -1-^4) S 
J-i^°° {X; E) is a section of the bundle n* GL(5;C) which is asymptotic to the iden- 
tity. 

Let ^ y be a complex vector bundle over Y such that £ (B T is trivial. Such 
a bundle always exists, see for instance corollary 1.4.14 in 2 . If ?i is the rank of 
£®T, so that £(BT^C", then 

TT* GL(£:, C) c TT* GL(£: © T, C) 
^TT* GL(C",C) 
^^■^^^ =GL(n,C) X *A^*r 

C GL(cx),C) X '^N*Y. 



Definition 5.18. // (Id +S) is the indicial family of some operator in °"{X] E), 
let {lA+Sjr) : '^N*Y GL(oo;C) be the associated map under the series of inclu- 
sions (|5.14|) and let [Id-|-5]oo G [^N*Y ; GL(oo;C)] denotes its homotopy class. 
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As in the previous case, we want to show that the homotopy class [Id+S']oo 
does not depend on the choices made to define it, namely the choice of an explicit 
trivialization oi 8 ® T and the choice of T. 

Proposition 5.19. The homotopy class [Id+S'Joo of definition \5. lE\ is well-defined, 
that is, it does not depend on the choice of T and on the way £ ® T is trivialized. 

Proof. First, the homotopy class [Id+S'Joo does not depend on the way £ ® T is 
trivialized. It is the same proof as lemma 

Secondly, the homotopy class [Id+S'Joo does not depend on the choice of the 
vector bundle J- such that £ ® T is trivial. 

Indeed, let Q be another complex vector bundle such that £ ® Q is trivial. 
Then consider the trivial vector bundle H = £®F®£'®Q, where £' = £. The 
bundles £ ®T and £ ®Q are subbundles of H, and to be more precise, we consider 
the inclusions 

ii: £®T ^ £®F®£'®g i2 ■ £^0 ^ £ ® F ® £' ® g 
(e,/) ^ (e,/,0,0) ' ie,g) ^ (e,0,0,5) 

Clearly, the complements oi £ ® J-' and £ ® g in 7i are trivial vector bundles, so 
this means that T and T ® £' ® g lead to the same homotopy class, and similarly 
for g and J- ® £' ® g . In particular T and g lead to same homotopy class. □ 

In this case, it is straightforward to see that the homotopy class [Id+S]oo only 
depends on the homotopy class of Id +S in [*iV*F ; tt* GL(£, C)J. So definitionEHHI 
gives also rise to a canonical map 

loo -. [*iV*F; ^*GL(£,C)J ^ [*7V*y ; GL(oo, C)J 
^ ' [Id+S] ^ [Id+S]oo. 

However, it is not an isomorphism in general, but all classes arise this way if arbi- 
trary bundles are admitted. 

5.3. The associated ii'-class. Now that in both cases dimZ > and dimZ = 
we can associate a well-defined homotopy class 

[Id+Ao]oo e fN*Y; GL(oo;C)J 

to the indicial family (Id+^o) of a Frcdholm operator (Id+A) in !F^°°{X; E), let 
us try to reinterpret this homotopy class in terms of if -theory. We will follow 
the notation of 0. Recall that the space GL(c>o,C) is a classifying space for odd 
-fsT-theory^, so we have the correspondence 

[*A^*r ; GL(oo, C)J ^ K%S^ A F*^'^), 

where F ^ ^ is the Thom space of '^N*Y, in other words its one point compact- 
ification, and 

gl ^ y*A"Y ^ (gl ^ y*iVy)/(gl ^ ^ ^ y-JV*y) 

is the reduced suspension of ^, §^ C C being the unit circle. Since '^N*Y = 
T*Y X R, we see that 

y"^*^ = §1 A y^*^ = (§1 X r^*^)/(§i x {00} u {1} x f^*^). 



^See for instance lemma 2.4.6 in |2] 
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the factor "R" being effectively turned into a suspension. This means that 
[*7V*y; GL(oo, C)] ^ K"{§^ A S V Y^'^) 

= K'^{Y^ ^) by the periodicity theorem 
= K°{T*Y), 



(5.16) 



where K^{T*Y), the i^-theory with compact support of T*Y, is by definition 
equal to K'^{Y'^ ^). Thus, we see from (|5.16|l that the homotopy class [M+Aq] in 
[*iV*y ; GL(cx),C)] defines a if-class in K°(T*Y). 

Definition 5.20. If (Id+Ao) is the indicial family of a Fredholm operator (Id+A) 
in T^°°{X;E), let K(Id+A) e K'^{T*Y) denote the K-class associated to the ho- 
motopy class [ld+^o]oo under the identification [*A''*y; GL(oo, C)] = K^[T*Y) 
given by (|5.16|l . 



6. The Index in terms of if-THEORY 

Having associated a ii'-class k{IA+A) e K'^{T*Y) to a Fredholm operator 
(Id+j4) in T^°°{X]E), the obvious guess is that the index of Id + A is given by 

(6.1) ind(Id+A) = indt(K(Id +yl)) 
where 

indt : i^°(T*F) Z 

is the topological index introduced by Atiyah and Singer in j^]. This is indeed the 
case. We will prove ()6.1|l by reducing the computation of the index to the case of 
a scattering operator. 

To the manifold X with fibred cusp structure given by the fibration $ : dX Y 
and some defining function x of dX, let us associate the manifold with boundaries 

(6.2) Wy = [0, l\t X Y, dWy = U Fi, 

where Fo = {0} x F C Wy and Yi = {1} x F C Wy. The boundary dWy has an 
obvious defining function given by t near Yq and by (1 — t) near Yi, where t G [0, 1] 
is the variable of the left factor of [0, l]t x Y . It will have a fibred cusp structure if 
one considers the trivial fibration given by the identity 

Id : dWv dWy- 

If F ^ Wy is a complex vector bundle on Wy, then we can define the algebra 
of fibred cusp operators ^J'jj(>Vy ; i^) acting on sections of F. From the previous 
section, we know that a Fredholm operator in J^i^°° ( Wy ; F) gives rise to a well 
define element in 

A"°(T*(9Wy)) ^ Kl!{T*Yo) K°^{T*Yi). 

Definition 6.1. Letii : K^(T*Y) K°{T*(dWY)) he the natural inclusion given 
by 

ii: K^{T*Y) K°{T*Yo) ® K^{T*Yi) 

a (0,a). 
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Lemma 6.2. // (Id+A) G J-^°^ {X; E) is such that the indicial family Aq, seen 
as a section of Tr*V^°° , lies in some subbundle tt* End(i^) C n*!^^"" , where F 
Y is some trivial finite rank compex vector bundle, then any scattering operator 
(Id +5) e J^-°°{Wy;F) such that 

K(ld+S) ^iiK{Id+A), mK°{T*WY) 

has the same index as Id+A. 

Proof. By proposition 13.31 we can assume that Nlj,{A) = Aq, that is, Ak — for 
k €N. From proposition 13 . 71 and formula (|3.5(l . we see that a parametrix Id+_B of 
Id +A with full normal operator 



fc=0 



k 



is such that Bk is a section of tt* End(i^) C tt*?-" °°. According to proposition 13. 21 
the index of Id +A is then given by 

(6.3) ind(Id +A) = -^^-^ ^ TT^-^y^{{DiogxAB)i^-^^{y,T,r]))dydr]dT. 
But from lemma 

x''D';Ao 



Thus, since Bk,D';Ao are sections of tt* End(F) C Tr*V~°° for all k G No, this 
means the trace Tr$-i(j^) in 1)6.31) can be replaced by the trace on Fy, 

(6.4) ind(Id+^) = — 1^ / TTF^i{DZ^B)^^^{y,T,r^))dydT^dT . 

But applying proposition 13.21 to scattering operators, we see from proposition 13.71 
that (|6.4|) also gives the index of an operator (Id +5*) G J^j^°°(Wy;F) such that 

NIJS) = on ^'^N*Yo and N^^) = Aq on "iV^i- Clearly, K(Id +5*) = iiK{ld +A). 
More generally, from formula H6.4() . definition l5.18l and proposition l3.2l any (Id +Q) G 

^id°° O^Y F) such that K(Id+Q) = iiK{ld+A) has the same index as Id +5* and 
Id+A. □ 

Lemma 6.3. Let (Id+A) G T^°°{X;E) be a Fredholm operator and let ^(Id+A) 
be its associated K -class in K^(T*Y) . Then, for F a trivial vector bundle with suffi- 
ciently large rank, there exists a scattering operator Id +S G J-'j^°° (Wy F) with a 



s- 



sociated K-class given by iinild-l-A) G K^iT* {dyVy)) o-nd such that ind(Id+yl) = 
ind(Id+S'). 

Proof. The proof relies on lemma lH?^ but is slightly different depending on whether 
or not dim Z > 0. 

First assume that dimZ > 0. Then let {II, Ri, R2) be a spectral section as 
in lemma 1^751 for the indicial family H+Aq. By coroUarv 15.41 (Id+nAoII) is ho- 
motopic to (Id+Ao). Let P G 'Ii^°°{X;E) be such that Pq = UAqU. Then by 
proposition 11.141 and proposition 13.31 (Id+P) G J-^°°{X; E) has the same index 
as Id+A and it defines the same X-class in K^{T*Y). By taking F ^ F to be 
the range of 11 on Y, we can then apply lemma 16.21 to Id +P. Thus there ex- 
ists (Id +5') G T-°"{Wy;F) such that ind(Id+5) = ind(Id+F) and K(Id+S') = 
ii/t(Id+F). So Id +5* is the desired operator. 
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If dim Z = let £ ^ F be as in definition 15.151 From lemma 16.21 there exists 
(Id +5*) G J-j^°°{Wy',£) having the same index as Id+A and having iiK{ld+A) as 
an associated iiT-class. If £ is not trivial, let Q Wy be another complex vector 
bundle such that F = £®g is trivial and let Id +S' € T{^°°(Wy; F) be the operator 
which acts as (Id +S) on sections of £ and as the identity on sections of Q. Clearly, 
Id +5" has the same index as Id +S and they define the same X-class. So Id +S' 
is the desired operator. 

□ 

This reduces the problem to the computation of the index of a scattering opera- 
tor. In section 6.5 of JS], a general topological formula for the index of scattering 
operators is derived. For the convenience of the reader, we will adapt the discussion 
that can be found there to our particular context. 

Given (Id +5") € J^j^°°(Wy; F) as in lemma lO with F = C", the indicial family 
Id +So of Id +S can be seen as a map 

(6.5) Id +5^0 : ^'^N*dWY ^ GL(n, C). 

The homotopy class of this map gives rise to the associated iiT-class in K^{T*dWY) 
under the identification H5.16|l . Let Vy be the double of Wy obtained by taking 
two copies Wy and Wy of Wy and identifying Yi of the first copy with F/ of the 
second copy for i e {0, 1}. Thus, Vy = §^ x Y. 

Inside Vy, ^'^A^*9Wy naturally identifies with the conormal bundle Af*(T*9Wy) 
of r*9Wy. Via the clutching construction (see p. 75 in 0), the map H6.5|l defines 
a iiT-class with compact support in K^{T*Vy)- More generally, 

Definition 6.4. For {Id+S) £ .Fjj°°(Wy ; C"), let c(Id+S') £ K°{T*Vy) be the 
element defined by applying the clutching construction to the map (|6.5|l . 

The following proposition is a particular case of theorem 6.4 in jl5| . 

Proposition 6.5. The index of{ld+S) e ^id°°(Wy;C") is given by 

ind(Id+5) ==indt(c(Id+5)) 

where indf : _R'"(T*Vy) — > Z is the topological index map. 

Proof. Let us enlarge our space of operators and see Id +S as a Fredholm operator 
in 5'i(j(Wy; C"). Then proposition ll . 141 can be reinterpreted as saying that the K- 
class defined by the symbol ao(Id+S') is null when restricted to T*Wy|g|^^. This 
means one can smoothly deform Id +5* through Fredholm operators in 5'i(j(Wy ; C") 
to a Fredholm operator P G ^'i(j(Wy;C") that acts by multiplication of a matrix 
near 9Wy. This new operator is no longer in .Fjj°°(Wy ; C") in general, but it 
has the same index as Id+S". A general Fredholm operator Q e ^'id(Wy;C") also 
defines an elment of K^{T*Vy) but one needs also the symbol. If r*Wy is the 
radial compactification of T*Wy, then the indicial family Qo together with the 
symbol (To form a continuous map 

f ■.d{T^)^GL{n,C). 

This map can be be used to defined a relative iiT-class on the double -P ^vVy '^^ 
T*Wy , obtained by identifying two copies of T*Wy at their boundaries. This 
class will in fact have support inside T*Vy C U j.yy^ . Thus this relative iiT-class 
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is really an element of K^{T*Vy)- When Q e C"), it is not hard to see 

that this construction reduces to definition 16.41 

Coming back to P, this means that P defines the same element in K^{T*Vy) 
as c(Id+S'). Now, since P acts as a matrix near the boundary, it defines a vector 
bundle £ — > Vy via the clutching construction and P can be extended to act as 
the identity on £\y^, . This defines a pseudodifFerential operator P e ^'°(Vy;i?) 
having the same index as P. Moreover, it is not hard to see that the /C-class in 
K°{T*Vy) defined by the symbol of P is simply c(Id+S'). By the Atiyah-Singer 
index theorem, the index of P is then given by indt(c(Id which completes the 

proof. 

□ 

The formula for the index is now easy to get. 

Theorem 6.6. The index of a Fredholm operator (Id+A) G J-^°^{X;E) is given 
by 

ind(Id+yl) = mdt{K{ld+A)) 
where K{ld+A) G K^{T*Y) is the associated K -class of definition \5.2(A and 

indt : X°(T*r) Z 
is the topological index map of Atiyah and Singer. 

Proof. By lemma 16.31 for n G N large enough, there exists a scattering opera- 
tor (Id +5) G ■?^id°°(VV'y ; C") which has the same index as Id+v4 and such that 
/{(Id+S*) = iiK{ld+A). By the previous proposition, the index of Id+S' is given 

by 

ind(Id+5') = indf (c(Id +S')), 

where c(Id+S') G K^{T*Vy) is defined using the clutching construction. At Yq C 
dWy, the indicial family of (Id +5') is trivial. This means the clutching construction 
only depends on the part of the indicial family of Id +S defined over ^'^N*Yi. Let 

(6.6) c : fN*Y ; GL(n; C)] ^ K"^{T*Vy) 

denotes the map obtained by applying the clutching construction, where Y is iden- 
tified with Yi C Vy. The identification 

fN*Y ; GL(oo; C)] = [M x T*Y ; GL(oo; C)] ^ K-^{Y^'^) 

combined with (|6.6|) gives a map 

/ : K-'^iY^"^) K^{T*Vy). 

Let us decompose the map / into simpler maps. If we identify the tangent bundle 
with the cotangent bundle via some metric, T*Yi can be seen as a submanifold of 
T*Vy. Then, a tubular neighborhood of T*Yi in T*Vy defines an inclusion 

i : iV(r*Yi) ^ T*Vy 

of the normal bundle N{T*Yi) of T*Yi. This in turn defines a push-forward map 
in ii'-theory 

; if,"(iV(r*Yi)) ^ K'^^{T*Vy). 
On the other hand, since N{T*Yi) = x T*Y , we see that there is an isomorphism 

j : K-^iY^'^") ^ K^{N{T*Yi)). 
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It is not hard to see that the map / is given by 

Combined with the periodicity isomorphism p : Kl!{T*Y) ^ K^'^{Y'^ we see 
that 

c(Id+S') = I* ojop{K{ld+A)). 
Now, the composition of maps j o p is just the Thorn isomorphism 

(fi : K^{T*Y) K%N{T*Yi)) 

apphed to the trivial bundle C over T*Y , since N{T*Yi) = C x T*Y . Thus, one 
has 

c(Id+S') = i!K(Id+^) 
where i\ — From the commutativity of the diagram^ 

K°{T*Y) — ^ K°{T*Vy) 

J^indt indt ' 

z = z 

we conclude that 

ind(Id+A) = ind(Id+5) 

= indt c(Id+S') = indj i\K{ld-\-A) 
^ indt n{ld+A). 

□ 

Corollary 6.7. When dimZ > 0, the index map ind : J-^°"{X]E) 1 is surjec- 
tive. 

Proof. From theorem 16. 61 it suffices to prove that the map 

k: T^°°{X;E) ^ K^{T*Y) 

of definition I5.2UI is surjective, which is equivalent to showing that any homotopy 
class in ['^N*Y ; GL(oo,C)] can be realized through definition 15. 71 as [Id+A]oo for 
some (Id+A) e T^°°{X;E). 

So let [/] G ['^N*Y ; GL(oo, C)] be arbritrary. Then, there exists n G N depend- 
ing on [/] so that the homotopy class [/] has a smooth representative 

/ : *7V*r ^ GL(n, C) C GL(c5o, C). 

Considering some family of Laplacians as in the beginning of section |S1 and using 
proposition 14.31 there exists an associated spectral section {H, Ri, R2) with range 
a trivial complex vector bundle C"* — > *iV*y with m > n. By taking n larger if 
needed, we can assume m — n. Thus taking (Id +A) G E) so that 

nfc(id+lo(6))nb = /(fe), V5G*7v*y, 
(Id -nt){Ao{b)){id -Hfc) = 0, V5 G *iv*y, 

we see that [Id+A] 00 = [/]. □ 

Corollary 6.8. When dimZ = the index map ind : J- ^°^'{X ;€■"') — > Z is surjec- 
tive provided n G N is large enough. 



%ee p.501 in 
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Proof. As in the previous coroUary, it suffices to show that any homotopy class in 
[*7V*r ; GL(cx),C)] can be written as [Id +A] for some Id +AeJ^<j:°°(X;C"). But 
there exists n G N depending on the dimension of Y so that any homotopy class 
in [*7V*r ; GL(oo, C)] can be represented by a map from *iV*r to GL(n, C), and 
clearly such maps can always be chosen to be the indicial family of some Fredholm 
operator in J^$°°(X;C"). 

□ 

7. The Homotopy Groups of GJ°° 

When homotopy groups come into play, the cases where dim Z > and where 
dimZ = are radically different. In some sense, the case where dhnZ > is to 
the case where dimZ = what stable homotopy groups of GL(n,C) are to the 
actual homotopy groups of GL(n,C). That is to say, the homotopy groups are 
much easier to describe in the first case. What explains this difference is that the 
bundle tt*G~°° is infinite dimensional in the case where dim Z > 0. This gives more 
freedom in the way one can perform homotopies, which has the effect of reducing 
the set of homotopy classes, and thus of simplifying the picture. 

Still, it is possbible to say something in the case where dim Z = ii one consents 
to allow some stabilization. This goes as follows. Let X be a compact manifold 
with boundary dX together with a fibred cusp structure given by a finite covering 
<I> : dX Y. Then consider the manifold with boundary §^ x X with fibred cusp 
structure given by 

$si : X X Y 

{s,p) ^ . 

Let E ^ X he any complex vector bundle over X. Then E can be seen as a 
subbundle of the (trivial) Hilbert bundle L^(S'^) over X, and Fredholm operators in 
J-^°°{X; E) can be extended by letting them act as the identity on the complement 
of £; in L^(Si) ^ X. This gives an embedding 

T^^{X-E)^T^^{S^ xX;Q. 

In this way, the space JF^"^ (S^ x X] C) is a stabilization of J-^^{X\ E) which brings 
us back to the case where dim Z > 0. To the reader not completely satisfied by this 
compromise, let us point out where our argument breaks down when dim Z = 0. It 
is in the failure of being able to prove lemma !?.!?! which is an important ingredient 
in the proof of the surjectivity of the boundary homomorphism occurring in the 
long exact sequence (|7.2ll . 

From now on, we will assume that dimZ > 0. 

Definition 7.1. Let G^°° {X ; E) C be the group of invertible operators 

in J'^°°{X;E), that is, 

Gl°°{X-E) = {ld+A I A e m^°^{X]E) and (Id+A) is invertible}. 

We want to compute the homotopy groups of G^°°{X; E). Our approach will be 
similar to the one in jI7| in the sense that we will compute the homotopy groups 
of G^°°{X; E) out of a long exact sequence of homotopy groups. To this end, let 
us introduce the other spaces involved. 
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Definition 7.2. Let G °°{X;E) be the group of operators given by 

G~°^{X;E) = {Id+Q \ Q e i;), Id+Q is invertible}. 

Remark 7.3. By considering the eigensections vanishing in Taylor series at the 
boundary of a Laplacian arising from a fibred cusp metric (see (8.1) in 11 j, one 
can identify G~°°{X] E) with Q~°° , the group of semi-infinite invertible matrices 
satisfying (I5.4|l . This means G~°°{X; E) is a classifying space for odd K-theory. 
Notice also thatG^°°{X; E) does not depend on the choice of afibred cusp structure. 

Definition 7.4. Let G^'^{dX; E) denote the group 

{Id+Q I g G *J^°°((9X;i;) and U+Q is invertible}, 

that is, the group of invertible NY -suspended smoothing perturbations of the iden- 
tity. Taking the Fourier transform in NY, this group naturally identitfies with the 
group Tiii{'^N*Y;TT*G^°°) of smooth sections ofTT*G^°° asymptotic to the identity. 
This is the point of view we will adopt. 

Lemma 7.5. The homotopy groups of G^^ {dX; E) are: 

K°{T*Y) , keven, 



nUGi^idX;E)) 



Proof. By proposition 15 . 14l we have 

TTkiG^^idX; E)) = ^fc(rid(*A^*r; 7r*G-°°)) 
= fN*Y X R'' ; Tr*G-°^] 
= [T*Y X R'^^+i ; GL(oo,C)] 

- i^-i(§"+i A r^*^) = K-'^-^Y^'"'). 

The result then follows from the periodicity theorem of i^T-theory. □ 

Proposition 7.6. The homotopy groups of J-^°" {X; E) are the same as those of 
G^^{dX;E), namely 

. (T-^(X-F))'- i K^c{T*Y) , keven, 
n,{T^ {X,E)) = ^ ^^,^YT'Y) 

Proof. Consider the short exact sequence 

Id +x^^^{X; E) ^ {X;E)^ G^f [OX; E). 

This is a Serre fibration. One can see this using Seeley extension for manifolds with 
corners and thinking in terms of Schwartz kernels. The space Id +a:\l/J°°(X; E) is 
obviously contractible. So we deduce from the associated long exact sequence of 
homotopy groups that for fc S N, 

^k{T^°^{X;E)) - Tiu{G^'f{dX;E)). 

That ni^{!F^°° {X; E)) = 7ro(G'^^(9X; is clear from Seeley extension for mani- 
folds with corners and the contractibility of {\d+x'^^°° {X; E)). □ 
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Definition 7.7. Let !F^^{X]E) denote the subspace of Fredholm operators in 
T^°°{X; E) having index zero. Let Gj^g(3X;_E) be the subgroup of G^^{dX; E) 
given by 

G^:;,{dX; E) = N^{T^X- E)), 
and let G'^'^q{X; E)[[x]] denotes the group of operators 

Gi:^,{X;E)[[x]] - N!,{T^X;E)) 
where the composition law is given by the ^-product of deRnition \S.f)\ 

Remark 7.8. Notice that Gj^g(9X; E) has the same homotopy groups as the space 
G^'^ {dX; E) but fewer connected components, more precisely, 

MG^:^o{dX;E)) ^ M^^^{X;E)) ^ ker [md* : K°^{T*Y) ^ Z] . 

Moreover, keeping only the term of order gives a deformation retraction of 
G^'^q{X; E)[[x]] onto G^'^q{X; E), so GJ^q(X; as the same homotopy groups 

and the same set of connected components as Gij^(X;£'). 

Lemma 7.9. The full normal operator gives rise to a short exact sequence 

(7.1) G— (X; E) ^ G^°°(X; E) ^ G^:^,iX; E)[[x]] 
which is a Serre fihration. 

Proof. The injectivity and the exactness in the middle are clear. For the surjec- 
tivity, let (Id+g) e G^^;^{X;E)[[x\] be arbitrary, and let (Id+P) e T^^{X;E) 

be such that N'^{P) ~ Q. By proposition 11.151 the kernel and the cokernel of 
Id +P are contained in C°° {X;E). Since Id +P has index zero, there exists a linear 
isomorphism ip : kcr P coker P. By extending it to act as on the orthogonal 
complement of kerP in L^{X; E), it can be seen as an element of x°°'i'~^°°{X; E), 
so that 

ld+P + ^eG^^{X;E), N!,Xp + ^)^Q. 

This shows that iV^ is surjective. The proof that H7.1() is a Serre fibration is basically 
the same as the proof of lemma 3.5 in j^. □ 

A Serre fibration has an associated long exact sequence of homotopy groups, so 
we have the following 

Corollary 7.10. The Serre fibration ()7.1|) has an associated long exact sequence 
of homotopy groups 

(7.2) • • . ^ TTk{G~n TTkiG^^) 7Tk{G^^„) ^ TTk-liG'n ^ • • • 

• ■ • T^o{G^°°) — > 7ro(G^°°) — > ^o(GJ^q), 

where d is the boundary homomorphism and G^°° , G^°° and GJ^q denote respec- 
tively G-°° {X; E) , G^°°{X;E) andG^^Q{dX;E)[[x]]. 

Since we know the homotopy groups of G^°°{X; E) and G^^q(X;£'), we will 
be able to compute the homotopy groups of G'^°°{X;E) provided we identify the 
boundary homomorphism d. In fact, it is only necessary to know that d is surjec- 
tive. But even with a complete knowledge of d, there would still be an ambiguity 
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concerning the connected components of G^°°{X; E). Let us get rid of this ambi- 
guity immediately. 

Lemma 7.11. The set of connected components ofG^°°{X]E) is given by 
MG^°°iX;E)) = ker [ind* : K°{T*Y) ^ Z] . 

Proof. From proposition 17.61 and theorem 16. 61 it suffices to prove that 

(7.3) MG^^iX;E)) M^^^iX-E)) ^ Z 

is a short exact sequence. The surjectivity follows from corollarv l6.7l The exactness 
in the middle follows using proposition 11.151 (cf. the proof of the surjectivity in 
lemma [77^ . Finally, the injectivity follows from the long exact sequence ()7.2|) . the 
fact that 7ro(G~°°(X; E)) = {0} and proposition El □ 

To prove that the boundary homomorphism is surjective, we will see it as a 
generalization of the index map ind : 7ro(.F^°°(X; E)) — » Z to all homotopy groups 
of !F^°^{X\ E). Let us recall from the appendix in [2| how can one performs such 
a generalization. 

Definition 7.12. // M is a compact manifold with basepoint mo, we denote by 
[M ; J^^°° (X; E)] the set of homotopy classes of continuous maps from M to 
J-^°°{X; E) which send the basepoint mo to the identity. 

We will define an index map 

(7.4) ind : [M ; T^°°{X; E)] ^ K\M), 

where K^{M) is the reduced even X-theory of M . Let H denote the Hilbert space 
Ij^{X]E) defined using some smooth positive density on X. Given a continuous 
map 

T: M T^°°{X;E) 
m ^ T,n, 

with T„ig — Id, one can show^ the existence of a vector space V d H which is closed 
of finite codimension such that V fl kerT„j ~ {0} for all m 6 M, and such that 



topologized as a quotient space of M x H, is a. vector bundle over M. Let us denote 
this vector bundle hy H/T{V). 

Definition 7.13. Let T : M ^ J^^°°{X]E) and V C H be as above. Then the 
index of T is defined to be 

ind(T) = [H/V] - [H/T{V)] e K°{M). 



^see proposition A5 in |2] 
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One can check that the index of T only depends on the homotopy class of T and 
that it does not depend on the choice oiV H . Moreover, if S" : M — > E) 
is another continuous map, then 

(7.5) ind(TS') = ind(r) + ind(5). 

For later convenience, we will give some precision about the way one can choose the 
vector space V used in definition 17.131 First, notice that the orthogonal comple- 
ment oiV va H is naturally isomorphic to H/V . Moreover, the vector bundle 
T{V)^ M with fibre at m e M given by the orthogonal complement Tm{V) 
of Tm{V) is naturally isomorphic to the vector bundle H/T{V). Hence, the index 
can also be written 

ind{T)^[V^]-[T{V)^]. 

Lemma 7.14. It is possible to choose the vector space V occuring in definition \l.l'J\ 
such that 

cC°°iX;E), T^{V)^ (lC°°{X;E) 'im e M. 

Moreover, if ind{T) = 0, we can also choose V so that the vector bundles V-^ and 
T{V)'^ are isomorphic. 

Proof. According to the proof of proposition ^5 in '5' , one can always choose V to 
be of the form 

n n 

V = f|(kerT„J^ ^ = ^kerT^., 

i=l 1=1 

for some finite number of points TOi,...,m„ G M. Thus, by propositon 11.151 
C C°^{X; E). Moreover, for all m e M, 

(7.6) V e T„,{V)^ ^ I- e ker T^^ + T„,{V^), 

so by proposition [TTKl this means T„(y)^ C C°°{X;E). 

If ind(T) — 0, then there exists a trivial bundle P over M so that 

H/V © P = H/T{V) © P. 

By taking a subspace W C V such that dim(y/M^) = rank(P), we have 

H/W ^ H/T{W). 

Without loss of generality, we can assume as well that W-^ C C°°{X-.E), which 
implies as in (|72J) that Tm{W)^ C C°°(X; E) for all me M. □ 

We know from proposition 17. 61 that the normal operator induces an isomor- 
phism 

(7.7) iV$, : TTk{T^°°(X:E)) ^ TTk{G^^ {X; E)) - TTkiG^^oi^; E)[[x]]), k e N. 

Moreover, since G^°^ {X; E) is a classifying space for odd iiT-theory, we get an 
isomorphism via the clutching construction 

(7.8) c:7rfe(G-°°(X;£;)) ^^-2(g/c-i) ^^0(gfc+i)^ f.^^^ 

Proposition 7.15. For fc G N, the homomorphism 

codoN^,:TTk{T^°°{X-E))^K\^'') 
is the index map of definition \7.iy\ with M = S*^. 
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Proof. Let r : S'' ^ !F^°°{X; E) be a representative of an element of the homotopy 
group 7rfc(jF^°°(X; E)). We assume that Ts,, — Id, where sq G S'^ is the basepoint of 
S'^ . By deforming T if needed, we can assume that T = Id in a open ball _Bq C 

containing sq. Let the closed ball b'I be the complement of Bq in S'^. 

Let y C -ff be a closed subspace of H of finite codimension that can be used to 
define the index of T: 

ind(r) ^ [H/V] [H/T{V)] = [V^] - [nV)^]. 

By lemma rm we can assume that C C°°{X]E) and Ts{V)^ C C°°{X]E) for 
all s £ S'^. When we restrict T to the closed ball Bi C the index become zero 

because B^ is contractible and T = Id on dBi. Thus, by lemma [7. 141 we can also 
assume that V is such that V-^ and T{V)^ are isomorphic vector bundles when 
restricted to Bi. Let (p : T{V)^ be a (smooth) isomorphism between V-^ 

and T{V)^ on B^. By extending (p to act by on V, we get an associated family 
of bounded operator cj) : B^ ^ C{H,H). Since C C°°(X;i;) and r,(y)^ C 
C°°{X] E) for all s G S*^, this is in fact a map 

cj,:B\^x°-^-^^{X-E). 
By construction of (p and the compactness of B^ , we see that for A > large enough, 

r, + A0(s) gG^°°(X;£;), VsgbJ. 
Thus, rescaling (j) if needed, we can assume T + is a map of the form 

T + (t>-B\^G^^{X-E). 
Notice that iV4 o (T + 0) = o T, so T + (/i is in fact a lift of the map 

N'^oT:B\^G~^:^,{X-E)[[x\]. 

Moreover, since T ee Id on d'B'l ^ S''"^ the map T + (f) takes value in G~°°{X; E) 
when restricted to dBi . By definition of the boundary homomorphism (see for 
instance section 17.1 in "W), 

d{[N'^oT]) = [(r + 0)|^_.] e ^k^,{G-^{x-E)). 

Now, since = T{V)^ canonically on dB\^ (j) is just a map 

(j> : d'B'l End{V^,V^). 

Clearly, the clutching construction applied to (Id +(/>)" ^ gives the virtual bundle 
[T{V)^] - [V^], which means that the clutching construction applied to (Id+0) 
gives [V^] - [r(V^)^]. This shows that c9iV$*(T) = ind(r), which concludes the 
proof. □ 

Since (|7.7|l and H7.8|l are isomorphisms, the surjectivity of the boundary homo- 
morphism is equivalent to the surjectivity of the index map of definition 17.131 In 
PI, there is a proof of the surjectivity of the index map, but considering the space 
^{H) of all Fredholm operators acting on H. It is possible to adapt this proof to 
our situation so that it still works. We first need to discuss further the topology of 
the space J^^"^{X;E). 
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For n G N, consider the vector bundle — E (E)C". The bundle E can be seen 
as a subbundle of E" via the inclusion 

i: E E^U" 

e 1-^ e (g) (1, 0^^^^^^ ). 

n-i times 



This gives an inclusion 
(7.9) 



i': T^^{X;E) ^ T^^{X;E^) 
Id+A ^ i'{ld+A), 

where i' (Id +A) acts on sections of i? C E" as (Id +A) do and acts on sections of 
of the complement of E in i?" as the identity. 



Definition 7.16. A subspace U of a topological space T is said to be a weak 
deformation retract ofT if for any closed manifold M and any continuous map 
f : AI ^ T , there exists a continuous map g homotopic to f such that g{M) C U. 

Lemma 7.17. Under the inclusion H7.9|) . T^°"{X] E) is a weak deformation retract 
ofT^°°iX;E''). 

Proof. Let M be a closed manifold and let f : M ^ T^°°{X\ i?") be a continuous 
map. Without loss of generality, we can assume / is smooth. Compose it with the 
normal operator to get a map 

J^N.^of:M^G-^^{dX-E^). 

Let A|'^^y be a family of Laplacians associated to the fibration $ : dX — » Y and 
the complex vector bundle E (not £'"). By the compactness of M, applying an 
argument similar to the proof of lemma we see that there exists a spectral sec- 
tion (n, Ri,R2) for Afy/y such that (H" = 0"^^^ H, i?i, ni?2), which is a spectral 
section for 0"^^ A|'^^y, satisfies the estimate 

WUm) Id -KiUm) IdWA < V& G *iV*r, m G M. 

2||/6(m) i|| 

By the proof of corollarv l5.4l this means that 

t^ft = f + i(n"(/)n" - (/ - Id)), t G [0, 1], 

is a homotopy of smooth maps from M to GJ^(9X; E). 

Let F be the range of 11. Taking 11 to have range with a larger rank if nec- 
essary, we can assume that /i is homotopic, through smooth maps from M to 
rid(*iV*F; IT* GL(i^", C)), to a map J2 with 

/2(M) C rid(*^*r;7r* GL(F,C)), 

where GL(F, C) C GL(F",C) acts as the identity on the complement of F in F". 
In particular, this means that 

/2(A/) C G^r(aX;i?) C G^r(aX;i?"), 

where the inclusion G^'^{dX;E) C G^^{dX;E^) is induced from the inclusion 

ifT^ . Let /2 : M T^°°{X; E) be a map such that iV$(/2) = J2, which is possible 
by Seeley extension for manifold with corners. Then, using again Seeley extension, 
one can lift the homotopy between f — fo and /2 to a homotopy between / and /2 
through smooth maps from M to !F^°°{X] E"-). 
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□ 

Proposition 7.18. For k G N, the boundary homomorphism 
is surjective. 

Proof. By proposition 17.151 it suffices to show that the index map 

md:TTk{T^°°{X;E))^K°{S'') 

is surjective. 

Let £ — > S'^ be an arbitrary complex vector bundle over S*^. Let T be another 
complex vector bundle such that £®J- = C" is trivial. For s £ S*^, let ps G End(C") 
be the projection onto C C". 

Let T_i e be an operator such that ind(T_i) = —1. Such an 

operator exists by corollarv l6.7l Consider the family of operators 

fs = T^i®ps + ld®{\-ps) G T^°°{X-E®C'), s G §^ 

acting on H ® C". Clearly, ind(r) = —[£]. By lemma I?. 171 we can deform the 
family T to a family 

R : T^°°{X-E) C T^°°{X-E®C'). 

By homotopy invariance of the index, ind(i?) = If rank(i?) — j, let Tj G 

J-^°°{X] E) be an operator of index j, then 

ind(T,- oR) = ind(T,-) + ind(i?) ^ [j] - [£]. 

By construction, Tj o R^ has index zero for all s G S'^. In particular, deforming 
TjoR if necessary, we can assume that TjoR^^ is invertible at the basepoint sq G S*^. 
Finally, consider the family 

R = (T, o R,„)-\Tj o R) : S''- ^ T^^{X; E). 

By construction, Rs^ = Id, and ind(i?) = [j] — [E]. Since any element of K'^[E>^) is 
of the form [j] — [£], j ~ ranki?, this shows that the index map is surjective. □ 

Theorem 7.19. For /c G No and provided dimZ > 0, 

n2k+i{G-^^{X-E)) - K-\YT'^), 
7r2fe(Gi°°(X;£;)) ^ ker [ind^ : if,"(T*r) ^ Z] . 

Proof. The case of the set of connected components was handled in lemma 17.111 
For the remaining cases, the surjectivity of the boundary homomorphism allows us 
to decompose the long exact sequence of homotopy groups (|7.2|) into short exact 
sequences. More precisely, for /c G N, we get the exact sequences 

(7.10) ir2k-i{G-^°°{X;E)) 7:^k-i{G^Z^X-E)) 

and 
(7.11) 

^ ^2k{G^^{X-E)) T:2k{G7^Z^X;E)) ^2k-i{G-^{X-E)) ^ 0, 

where we used the fact that n2k{G^°^ {X; E)) = {0}. For odd homotopy groups, 
the theorem easily follows from H7. 10(1 and remark 171^ For even homotopy groups. 
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notice that by proposition 17. 151 and proposition 17.61 the exact sequence l|7.11|l can 

be rewritten 



(7.12) 0^^2k{Gl^{X-E)) 
so n2k{G^°°{X;E)) ^ ker 



0, 



But the homotopy 



group 'K2k{^^°°{X;E)) is isomorphic to K^{T*Y), which is a finitely generated 
Z-module, and K^{W^) = Z. By the classification of finitely generated Z-modules^, 
the isomorphism class of the kernel is the same for all surjective homomorphism 
K°{T*Y) Z. Since ind* : K'^{T*Y) ^ Z is also surjective, this means 

^2fc(G^°°(X; E)) ^ ker [ind* : K°{T*Y) ^ Z] . 

□ 



8. Vanishing of the Homotopy Groups 

In the case of cusp operators, that is, when the fibration $ : dX {pt} is 
trivial, one gets as an easy corollary of theorem l7.19l the weak contractibility result 
of J7j, namely that all the homotopy groups of G'^°^{X; E) vanish. 

Corollary 8.1. // $ : dX — > {pt} is the trivial fibration (cusp operators), then 
G'^°°{X; E) is weakly contractible, meaning that all its homotopy groups are trivial, 
including the set of connected components. 

Proof. In this case, Y = pt, so T*Y does not really make sense, but looking back 
at the identification l|5.16|l and the proof of lemma 1731 we see that K^(T*Y) and 
^-i^yT*!-) must be replaced by K°{E>'^) ^ Z and K~^{§'^) ^ {0} in the statement 
of theorem |7.19l The result then easily follows from the fact that indt : Z 
is an isomorphism. □ 

In fact, it turns out that with only little more eflFort, one can deduce that 
G'^°°{X;E) is actually contractible. It suffices to apply with slight modifications 
the argument of Kuiper in his proof of the contractibility of the group of invertible 
bounded operators acting on a separable Hilbert space (see [Sj). 

The main difference in our situation is that the topology we consider on the group 
G'ip°°{X;E) is not the one coming from the operator norm, but the C°°-topology 
coming from the Schwartz kernels of the smoothing operators in 5'J°°(X; E). Nev- 
ertheless, since G^°^{X;E) C ^1{X;E), we can also give to G^°°{X;E) the 
toplogy induced by the operator norm || • || of bounded operators acting on L^(X; E). 
This is a weaker topology then the C°°-infinity topology, in the sense that it has less 
open sets. In the operator norm topology, the space G'^°°{X; E) is easily seen to be 
a metric space. By a theorem of Stone^, metric spaces are paracompact. This will 
be very useful to retract G'J°°(X; E) (in the C°°-topology) onto a CW-complex. 

Definition 8.2. We will say that an open hall in Id +5'J°°(X; i?) of radius e 

B,{A)^{lA+Q\Qe^-^'^{X-E), ||A-Id-g|| <e}, A e G,5°°(X; i?), 

is small if B^^{A) C G^°°{X;E). Clearly, one can cover G^°°{X;E) by such 
balls. 



'See for instance in 151 . 

'See for instance theorem 4, section 7.8.4, p. 101 in |19| 
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Proposition 8.3. If G^°° {X; E) is weakly contractible, then it is contractible. In 
particular, if ^ : dX pt is the trivial fihration, then C^"^ [X] E) is contractible. 

Proof. Let {Bt.{Ai)}i^i be a covering of G~^°°{X; E) by small balls, 
(8.1) G^^{X-E)^[jBM)- 

Since the Banach space of bounded operators acting on L'^{X;E) is separable, we 
can assume I — N. Moreover, since G'^°°{X\E) is paracompact in the operator 
norm topology, we can assume that the covering (|8.1(l is locally finite and that 
it has an associated partition of unity A priori, the 4>i are continuous 

with respect to the operator norm topology, but since the C°°-topology is a finer 
topology, this means they are also continuous with respect to the C°°-topology. For 
t £ [0, 1], consider the following homotopy 

6: Gl^{X-E) ^ G^°°{X;E) 
(8-2) z ^ {l~t)z + tY.Mz)A^. 

For t = 0, ^0 is just the identity. To see that the image really lies in G'J°°(X; E), 
let z g G^°°{X;E) be given. Then there exists a neighborhood U oi z such that 
U has a non-empty intersection with only finitely many open sets of the cover- 
ing H8.1|l . say B^._^{Aij^), . . . , B^.^{Ai^). Without loss of generality, assume that 
B^-_^{Ai-^)., . . . , B^.^(Ai^), n < m are the open sets of the covering containing z, 
and assume that e^^ — maxje^^ , . . . , e^^ }. By construction, we have 

(8.3) z e B,,JA,J C B3e,^(A,J, Vfc e {l,...,n}, 

which implies that ^t(z) € Bg,,^ {AiJ C GJ°°(X; E) for aU t G [0, 1]. 

Let N be the nerve of the covering (|8.1() . Call bi the vertex that corresponds to 
the open set B^. {Ai). Then is a CW-complex with affine simplices as cells. There 
is an obvious inclusion p : N ^ G^°°{X; E) given by sending the vertex bi to Ai for 
i € N and so that on any simplex of N, p is an affine map. Since £,i{G^°°{X; E)) C 
A*", the homotopy (|8.2|l shows that the inclusion p is a homotopy equivalence. By 
Whitehead's theorem, we then conclude that G'^°°{X\E) is contractible. 

□ 
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